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Abstract

Motivated by the practice of indicative bidding, which is commonly used in sales of complex and
valuable assets, this paper develops a theory of two-stage auctions based on the assumption that
learning valuation is costly. In various cases that characterize what can be learned in the due dili-
gence stage, we show that no symmetric increasing equilibrium exists and hence efficient entry cannot
be guaranteed under the current design of indicative bidding. However, by introducing auctions of
entry rights with binding first-round bids, we show that efficient entry can be induced under certain
conditions. We also show that optimal auctions are typically characterized by a limited number of
final bidders, which justifies the general practice of conducting two-stage auctions in environments

with costly entry.
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1 Introduction

Indicative bidding is a common practice in sales of business assets with very high values. It works as

follows: the auctioneer (usually an investment banker) actively markets the assets through phone calls
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and mailings to a large group of potentially interested buyers. The auctioneer then asks the potential
buyers to submit non-binding bids, which are meant to indicate the buyers’ interest in the assets. The
auctioneer uses the bids together with other information submitted by the bidders to select a final set
of eligible bidders, typically five to ten in number.! The auctioneer then communicates only with these
final bidders regarding various aspects of the auction (timing, terms of the sale, and so on), provides
them with extensive access to information about the assets, and finally runs the auction, typically using
binding sealed bids.

This practice of indicative bidding is quite widespread. For example, in the United States in recent
years, electrical generating assets worth billions of dollars have been auctioned as part of the restruc-
turing of the industry. For the dozens of cases about which we have detailed information, indicative
bidding was used in every case. Examples include Maine’s Central Maine Power (CMP), which placed
its entire 2,110 megawatt (MW) asset portfolio up for auction. A total of 1,121 MW were sold in the
initial auction at a price of $846 million.? In California, Pacific Gas & Electric (PG&E) decided to
voluntarily divest virtually all of its fossil generation; as of 1999, assets worth more than $1.5 billion
had been auctioned.® In Oregon, Portland General Electric (PGE) intends to become a regulated trans-
mission and distribution company and is seeking to sell all its generation and related assets.* Each of
these examples incorporates a two-stage auction design described above.

The widespread use of indicative bidding is at least initially puzzling. Upon first hearing a description
of the practice, many economists ask: “Why don’t the potential buyers simply make infinite, or at least
very large bids in the indicative stage?” And, “Why would a seller want to limit participation in the

auction?”

!The selection is mainly based on the prices that bidders indicated. The other information such as financial status or
industry experience is usually used to establish the bidders’ qualification for bidding.

2The sale opened in May, 1997. Non-binding bids were due by September 10, 1997. The final round bidders were
selected by CMP and its financial adviser, Dillon Read. Phase II bids were due by December 10, 1997. FPL Energy was
selected as the final winner to buy the fossil, hydro and biomass packages.

3With Morgan Stanley serving as the financial adviser, two auctions were conducted splitting the plants among three
buyers. The initial auction began in September, 1997 and concluded in November with Duke Energy being selected as
the buyer (at a price of $501 million). The second auction began in April, 1998 and concluded in November, 1998 with
Southern Energy being selected to buy the fossil plants (at a price of $801 million), and FPL Energy the geothermal plants
(at a price of $213 million).

4PGE retained Merrill Lynch to serve as its financial adviser. $230.5 million of assets were auctioned with PP&IL Global
as the final winner in November, 1998. But the whole divestiture plan has yet to be approved by the Oregon Public Utility

Commission.



The answer to the first question is that in the sale of a billion-dollar asset, the final round bidders
must often spend millions of dollars to study the assets closely (“due diligence”) and prepare a bid.’
Consequently, rational bidders do not want to be included in the final round unless they have a good
chance of winning the auction. This may dissuade bidders from making very high bids at the indicative
stage, particularly when there are large numbers of other bidders bidding cautiously. The answer to
the second question is that the auctioneer often finds it impossible to attract a large number of bidders
without the indicative stage, because bidders do not want to spend millions of dollars participating in
an auction against a large number of competitors. Most practitioners believe that indicative bidding
increases participation in the auctions.

The above answers are intuitive, but there are other important questions as well: can the indicative
bidding stage reliably select the most qualified bidders for the final auction? If not, then what alternative
rules can perform better? How exactly does the two-stage auction design alleviate the effect of entry
costs on the potential buyers? And, what are the optimal (i.e. revenue maximizing) selling schemes in
this context?

To answer all these questions, a formal theory of two-stage auctions with costly entry is needed.
This paper is the first attempt at building such a theory. Our main results are as follows: First, efficient
entry cannot be guaranteed under the current design of indicative bidding. Second, by introducing
auctions for entry rights with binding first-round bidding, the seller may in general induce efficient
entry and improve the performance of two-stage auctions. Third, the seller bears all the entry cost
in equilibrium, and thus the optimal auction is characterized by a finite number of final bidders. The
first result identifies a potential problem with the current design of indicative bidding, the second result
suggests an alternative selection mechanism which may out-perform the current design of indicative
bidding, and the last result justifies the practice of using two-stage procedures in this environment with
costly entry.

This research is first related to the literature of auctions with costly entry. In one branch of the

5 A bidder will typically have to incur substantial costs to conduct due diligence to prepare a bid, during which process
the bidders will usually have to use considerable personnel resources and may have to forgo other purchase opportunities
(in order to participate fully in the current process). Due diligence usually involves a multi-task team with strong project
management skills. For example, due diligence in the sale of a power plant typically includes engineering assessment of
assets, determination of future staffing levels, labor commitments and benefits, environmental contamination assessment,
financial review of contractual obligations, determination of bid price and bidding strategies, and legal review and drafting,
and so on. Vallen and Bullinger (1999) provide a detailed description of one such process.

5The earlier literature on optimal auction design and revenue comparison (e.g., Vickrey (1961), Riley and Samuelson



literature, bidders are assumed to possess no private information before entry and they learn their types
only after entry (e.g., Johnson (1979), French and McCormick (1984), McAfee and McMillan (1987),
Engelbrecht-Wiggans (1993), and Levin and Smith (1994)). Samuelson (1985) is an exception to the
above formulation. In a model of a competitive procurement auction, he considers the case in which
bidders know their private types before entry and entry is merely a process to incur bid-preparation costs
without information updating. The model in this paper combines and extends these two formulations in
the existing literature. For one, we assume that each bidder is endowed with a private value component
before entry; for the other, bidders are allowed to learn another private or common value component
after entry. In this sense, this paper presents a more general framework in analyzing auctions with
costly entry.

Under this framework, we show that there is no symmetric increasing equilibrium under the current
design of indicative bidding. Absent a symmetric increasing equilibrium, efficient entry cannot be
guaranteed. In other words, the most qualified bidders cannot be reliably selected for the final sale.
Thus the optimality of the sale is questionable under the current practice. Considering the billions of
dollars involved in the current practice, the efficiency loss could be potentially substantial.

However, by no means do we suggest abandoning the general idea of two-stage auction design in
this context. By modifying the current indicative bidding with alternative rules, we show that efficient
entry can be induced under certain conditions. This relates our research to Fullerton and McAfee
(1999), who analyze a research tournament model with multiple contestants competing for a common
prize. They show that for a large class of contests the optimal number of finalists is two. They
then introduce a scheme of auctioning entry into tournaments which can implement efficient entry.
Seeking alternative rules that may perform better than the current indicative bidding design, we follow
Fullerton and McAfee’s lead and also consider schemes of auctioning entry rights so that the first-round
bids reflect binding entry fee payments. We show that under certain conditions, either a uniform-price
or a discriminatory-price auction can induce efficient entry; while an all-pay auction can always induce
efficient entry as long as a sufficiently large entry award is provided. While these results are similar to
that in Fullerton and McAfee, our analysis is not a trivial extension. First, our model is quite different
from theirs. In particular, while in Fullerton and McAfee complete information is assumed for the

post-entry game, in our model incomplete information is preserved both before and after entry. Second,

(1981), Myerson (1981), Milgrom and Weber (1982)) generally assumes that there is an exogenously specified set of bidders
and that these bidders are endowed with information about the object’s valuation; both potential entry and bid preparation

costs are ignored.



the implication of the optimal number of finalists in our model is quite different from that in Fullerton
and McAfee: while this number is always two in their model, we show that it is one when entry does
not involve value updating, and can be two or more than two when entry involves value updating.

By introducing auctions for entry rights, our research also relates to the literature of multi-unit
auctions. In multi-unit auctions with independent private valuation, the revenue equivalence theorem
continues to hold if each bidder demands exactly one unit (e.g., Harris and Raviv (1981), Weber (1983),
and Maskin and Riley (1989)). In our models, entry rights are allocated through the first-stage bidding.
Thus the first-stage auction is basically one with multiple units in which each bidder demands exactly
one unit. Though the values attached to these multi-units (entry rights) are not as straightforward as
in the usual (single-stage) multi-unit auctions, we are nonetheless able to show that in any symmetric
increasing equilibrium, expected payoffs are the same under different auction formats. We thus extend
a revenue equivalence result to a two-stage auction context.

Motivated by puzzles arising from indicative bidding, this research ends with a theory of two-
stage auctions. In one way or another, two-stage auctions are commonly employed in privatization,
procurement, takeover, and merger and acquisition contests all over the world. For example, on May
10, 1999, the NTL Broadband Cable Co. announced its acquisition of Cablelink Limited, Ireland’s
largest cable television provider. The sale was conducted using a two-stage auction in which 5 bidders
were selected to participate into the second round. The final price obtained was 535.180 million Irish
Pounds (approximately US$730 million). Another example is the sale of Daewoo Motors. Daewoo
ran into financial trouble in July, 1999, prompting creditors to provide emergency loans and to start
dismantling what was then the country’s second largest conglomerate. Indicative bidding was also used
in this takeover process.” The importance of two-stage auctions is also reflected in the work by Perry
et al. (2000) and McAdams et al. (1999). Both papers show that a carefully designed two-stage sealed-
bid auction can match the English ascending-bid auction in aggregating information. Our approach
in this research differs from theirs in two important aspects. First, we model the indicative bidding
as completely non-binding, while in their models the first-stage bids impose some restriction on what
can be bid in the second stage: In Perry et al., the first-stage bid becomes the minimal bid in the
second stage, and in McAdams et al., the second-stage bids cannot be lower than the highest rejected

first-stage bid. Second, in contrast to their assumption of no entry cost, we assume that information

"In the first round which was conducted in June 2000, the world’s second largest auto company, Ford Motor, offered
$6.9 billion for Daewoo while DaimlerChrysler-Hyundai jointly bid $4.5 billion and GM came in at the lowest price.
Consequently, Ford was picked to be the sole priority bidder to proceed onto the final negotiation phase.



acquisition and bidding are costly. We maintain these differences in the modeling since nonbinding
first-stage bidding and costly entry are two most prominent features in all our motivating examples.
We thus hope that our results can add new insights into the understanding of two-stage auctions.

The paper is organized as follows. Section 2 introduces the model. Section 3 introduces the concept
of efficient entry. Section 4 analyzes the second-stage auction, conditional on n most qualified bidders
being selected from the first-stage bidding. Section 5 analyzes the first-stage bidding, both under the
current design of indicative bidding and the alternative schemes. Section 6 provides solved examples to
illustrate the optimal number of final bidders in different cases. Section 7 is a discussion, and Section

8 concludes.

2 The Model

There is a single, indivisible asset for sale to N potentially interested buyers (firms). Information is
revealed in two stages. In the first stage, each potential buyer is endowed with a private value component
X;. The X;’s are independent draws from a distribution with CDF F'(-). Bidder i knows its own X; but
not its competitors’ (denoted as X ;). In the second stage, by incurring an entry cost c, each entrant
bidder learns another signal Y;. Three cases will be analyzed in this paper. The first is entry without
value updating (or the pure entry case), where Y = 0.8 The second case is entry with private value
updating, where Y; is another private value component. In this case the total value for entrant bidder
1 is X; + Y;. The third case is entry with common value updating, where Y; is a private signal about a
common value component. Specifically, the total value of the asset for entrant i is X; + % Z;-V:l Yj.g
In the entry with private or common value updating cases, the Y;’s are independent draws from a
distribution with CDF G(-), which has nonnegative support.

We thus assume that each buyer’s signal consists of two parts, one received before entry occurs and

8In this case, we can think of the due diligence stage as simply a way to meet some legal requirements.

°In traditional common value models, the common value has some known prior distribution and bidders’ signals are
draws conditional on the underlying common value (see, for example, Rothkopf (1969), and Wilson (1977)). We adopt an
alternative formulation here, i.e., the common value is specified as the average of the bidders’ signals, following the lead of
Bikhchandani and Riley (1991), Krishna and Morgan (1997), and in particular, Goeree and Offerman (2003). As pointed
out in Goeree and Offerman, these two formulations have the same qualitative features. First, the object for sale is worth
the same to all bidders. Second, in both formulations bidders should realize that winning means that their signals are
likely to be too optimistic (the winner’s curse). As N increases, the difference between these two formulations disappears
by the law of large numbers. Similarly to our treatment here, in Klemperer (1998), Klemperer et al. (1999), and Bulow

and Klemperer (2002), the common value is formulated as the sum of the bidders’ private signals.



the other received after the entry occurs. Moreover, we assume that the two parts of a buyer’s signal
are additive and all signals are independent. This formulation is somewhat special, but it captures
one key feature in sales of highly complicated asset with costly entry. That is, a buyer usually does
not know the total value of the asset in the first stage, and the remaining information about the
value can only be learned after due diligence process is completed. In the above formulations, X
can be interpreted as the valuation about the asset estimated based on each potential buyer’s private
attributes such as operating experiences, managerial skills, environmental stewardship, labor relations,
market power, and corporate citizenship etc.'® The second-stage signal ¥ may reflect information
containing detailed engineering assessment of the asset, environmental conditions, labor commitments,
and supply contracts etc., which may only be learned during the due diligence process. In Section 7, we
will consider alternative formulations and demonstrate that our current formulation is not as restrictive
as it appears. All major results in this paper appear likely to extend to more general models.

The sale of the asset proceeds in two stages. Bids in the first stage can be binding or non-binding. In
the current practice of indicative bidding, the first-stage bids are non-binding.!' Under the alternative
schemes the first-stage bids are binding, indicating firm commitments to pay for entry. In this paper
we consider three specific schemes: all-pay auction, uniform-price auction, and discriminatory-price
auction. Under an all-pay auction, all bidders need to pay what they bid, regardless of whether or not
they are selected. Under a uniform-price auction, all the selected bidders pay an entry fee equal to
the highest rejected bid, and bidders who are not selected do not pay. Under a discriminatory-price
auction, all the selected bidders pay what they bid and those not selected do not pay. Uniform-price
and discriminatory-price auctions are also called customary auctions.

Based on the first-stage bids, n bidders with the highest n bids are selected to the second stage,
where n is pre-announced by the auctioneer at the outset of the game. The n + 1st highest first-stage
bid, or the highest rejected bid, is revealed to the n entrants.'? Each entrant incurs a cost ¢ to learn

Y;. Then they engage in the final sealed-bid auction.

10We suppress the common value component in the first-stage signal formulation, as the common value component does
not contribute to the difference in bidders’ qualifications.

1Note that indicative bids are not cheap talk, because they will affect the costs the bidders incur and their ability to
bid again in the second stage.

2Tn practice there are variations regarding the revelation policy. In our model we consider the policy of revealing the
highest rejected bid so that each final bidder enters the second stage with identical beliefs about the first-stage observations
of other final bidders. In Perry et al. (2000) and McAdams et al. (1999), they both assume that all losing bids are revealed
to the final stage bidders.



” we consider an entry award (an interim

To examine the mechanism of entry cost “adjustment,
payoff) K in a general selling scheme: when a bidder is selected for entry, she automatically “wins”
an entry award K. Under the current indicative bidding mechanism, no entry award is offered, so
K = 0. More generally, K can be negative, which denotes a “tax” on entry. When K is positive, we
can also interpret K in terms of the entry subsidy level: K = ¢ implies full subsidization, K > ¢ implies
over-subsidization, and 0 < K < c implies partial subsidization.

We will maintain a set of assumptions throughout the analysis. First, the seller and the bidders are
assumed to be risk-neutral. Second, X and Y are independent, and the density function of X, f(-) is
continuous and strictly positive on its compact support [0, Z]. Third, the seller’s reserve value of the
asset is normalized to be zero. Fourth, we assume that the number of potential bidders N, or the entry
cost ¢, is large enough such that when all N potential bidders enter the auction, some bidder’s expected
profit will be strictly negative.!®

To further simplify the analysis, we make two additional assumptions. First, X’s density function
f(-) is log-concave. This technical condition will ensure the existence of a symmetric increasing equi-
librium in the common value updating case, though it is not needed for the analysis of private value
updating case. This assumption is satisfied by almost all the commonly used distributions such as
uniform, normal, exponential, chi-square, etc. Second, we assume that the auctioneer is unable to set
a reserve price in the final auction. A special case is that the auctioneer cannot commit to a reserve

price. The restriction of this assumption is discussed in Section 7.

3 Efficient Entry

In this research we focus on efficient entry exclusively. Note that the usual efficiency criteria (e.g., the
ex post efficiency) are not well defined in our context, and it would only be meaningful to consider
efficiencies given the set of entrant bidders. So any sensible measure of efficiencies in this context should
include a measure of entry efficiency. More importantly, it is quite obvious that if entry is inefficient, the
optimality of the sale cannot be guaranteed. For these reasons we focus on efficient entry exclusively,
an approach adopted previously by Fullerton and McAfee (1999).

Simply put, efficient entry means that the most “qualified” buyers enter the final-stage auction. In

our model, the most qualified buyers are those with the highest first-stage signals. Given the number

131f every bidder earns a positive expected profit when all enter, then our model is no different from the traditional

models that do not consider entry costs.



of bidders to be selected, we can define efficient entry as follows:

Definition 1 (n-Efficient Entry:) the outcome in which bidders with the n highest first-stage signals

(Xi’s) are selected for the second-stage auction.

The importance of n-efficient entry can be easily seen in our valuation formulations. In all three
cases, the first-stage signal (X) enters the total valuation function additively. So the higher the Xj,
the more likely that bidder 7 will end up with higher total value in the sense of first order stochastic
dominance. Therefore, given that the number of finalists is n, those bidders with n highest first-stage
signals should be selected. If this is not the case, then the optimality of the sale cannot be guaranteed.
We thus focus exclusively on n-efficient entry in our analysis. Given n-efficient entry, we will show that
there will be an optimal number of bidders to be selected. Let n* denote this optimal number of bidders,
then efficient entry is n*-efficient entry. For ease of exposition, from now on we will simply refer to
efficient entry even when we really mean n-efficient entry. Hopefully the distinction is clear within the
context.

To guarantee efficient entry given any realization of first-stage signals, the bid function in the first
stage must be symmetric and strictly increasing in z € [0, Z] (almost everywhere). Note that a weakly
increasing bid function is not sufficient to guarantee efficient entry. For brevity of exposition, we refer
to the symmetric increasing equilibrium as the pure symmetric equilibrium in which each bidder bids
according to a strictly increasing first-stage bid function.

In the following analysis, we will work backward, starting with the analysis of second-stage auctions.
Since we focus on the case of efficient entry, we will analyze the second-stage auctions conditional on
efficient entry. After we derive the equilibrium expected payoffs from the second-stage auctions, we will

then analyze the bidding in the first stage.

4 The Second-Stage Auctions

We assume that the first-stage bidding induces efficient entry and, to maintain competitive bidding, the

number of bidders to be selected is n > 2.1°

MFor instance, in the case of pure entry with n > 2, if either the highest bidder or the second highest bidder is left
out from the final auction, then the expected revenue will not be maximized under a second-price auction, assuming that
bidders employ the dominant strategies to bid their values truthfully.

15We will also consider the case n = 1 later.



To unify the notation in all three cases, we define a summary statistic S = X + AY, where A = 0
in entry without value updating, A = 1 in entry with private value updating, and A = % in entry with
common value updating.

In this paper, we assume that the final auctions conducted in the second stage are standard auctions,

which are defined below:

Definition 2 (Standard Second-Stage Auctions:) auctions in which the asset is awarded to the bidder

with the highest bid, and the bidder with the lowest possible type (summary statistic) makes zero expected

profit.

Let Z be a generic random variable. In what follows, we use Z;., to denote the jth highest value
among all n draws of Z, and use Zj;, ; to denote the jth highest value among all draws of Z except Z;
(where i, j and n should be interpreted as generic integers here). We also let IN denote the index set
of the N first-stage bidders, and I denote the index set of the n second-stage entrant bidders. Finally
we let X; be the first-stage signal (value) possessed by entrant bidder i € IE, and S; = X; + \Y; be the
summary statistic for entrant bidder 3.

Since the highest rejected first-stage bid is revealed to the second-stage bidders, if a symmetric
increasing equilibrium exists in the first-round bidding, then given the highest rejected bid, the first-
stage value possessed by the highest rejected bidder, X, 1i;n, can be inferred by inverting the bid

function. The following lemma can be easily verified.

Lemma 1 Conditional on X, (1,8 = Tpy1, the X;’s are #id with density function %

So given efficient entry, the second-stage auction is a symmetric auction with independent private
signals (in all three cases). The payoff-equivalence result holds trivially in the pure entry and private
value updating cases and the bidder with the highest summary statistic or total value (5’ ) wins with
expected profit equal to ES’l;n — ESQ;H.

In common value updating case, each bidder obtains a private signal about a common value compo-
nent after entry. Therefore each entrant in the second-stage auction possesses a two-dimensional signal:
a private value signal and a common value signal. Given efficient entry, Lemma, 1, and the log-concavity
assumption regarding f(z), the valuation setup in this case resembles Goeree and Offerman (2003), with
the only difference being that the two-dimensional signals are obtained sequentially, while in Goeree

and Offerman they are obtained simultaneously.

10



Following Goeree and Offerman, a unique symmetric increasing equilibrium can be characterized in
terms of the summary statistic X + %Y under either a second-price auction or a first-price auction.!®
Under a second-price auction, the unique symmetric increasing equilibrium bid function is given as

follows:

N —n
N

1 ~ n—1 N
B(SZ') = E[SZ' + N Z Yl|Sl;—i = Si] =8; + EY + N E[Yj|51;_i = 8,’] (1)

leIN\{i}
where j € IE\ {i}.
In equilibrium one’s bid represents the asset’s expected value to her assuming that she is the
“marginal buyer,” i.e., when she possesses the minimal summary statistic that is required to win the
asset.

Under a first-price auction, the unique symmetric increasing equilibrium bid function is as follows:

1 . . . .
B(si) = E[s; + N Z Yi|S1n = si] — E[St;n — S15-il S1yn = si] (2)
leIN\ {3}

The first term on the right hand side represents the expected value of the asset to bidder ¢, assuming
that her summary statistic is the highest among the n entrants. The second term reflects the winner’s
informational rent from attending the second-stage auction.

The log-concavity of f(-) ensures that the equilibrium bidding functions (1) and (2) are both strictly
increasing.

It can be easily verified that payoff equivalence also follows. In equilibrium, the expected total
surplus is ES‘l;n + %EY and the expected revenue is ES’gm + %EY. Again, the entrant with the
highest summary statistic wins the asset and the expected winner’s profit is ES’lm — Egg;n.17

In terms of the summary statistics defined for all the three cases, we can summarize the results in

this section as follows:

Proposition 1 Given efficient entry, in the second-stage (standard) auctions payoff equivalence holds

and the bidder with the highest summary statistic wins the asset with expected profit Egl;n — Egg;n.

181n fact we can show that the summary statistic defined in this way is the only possible summary statistic for ranking
the bidder types.

1"Note that the summary statistic ranking may create inefficient allocations, since a bidder with the highest private
value component may not end up with the highest summary statistic to win the asset. However, with efficient entry lower

bidders are excluded from the final auction and this would reduce the magnitude of the inefficiency.

11



In light of this result, the analysis of the first-stage bidding can be restricted to the analysis of a
direct revelation mechanism (DRM). This can be done by replacing the second-stage auction with its

correlated equilibrium payoffs.

5 The First-Stage Bidding

Let F denote the format of the first-stage auction, where F € {I,A,U,D}, and I, A,U,D denote
nonbinding indicative bidding, all-pay, uniform-price and discriminatory-price auctions, respectively.
Suppose there exists a symmetric increasing equilibrium in the game of first-stage bidding under scheme
F, in which every bidder bids according to a symmetric increasing bid function ¢” : [0,z] — IR. Now
consider its associated direct revelation mechanism (DRM) where bidders are required to report their
first-stage types (X;’s). Given a report profile z = (z;,2_;), a DRM is described by an entry right
assignment rule {y;(z)})¥.; and an entry fee payment rule {p;(z)}Y ;. The assignment rule y;(z;,z_;) = 1
if x; > X,,—; (bidder 7 gains entry), and y;(z;,z—;) = 0 if z; < Xp,—; (bidder ¢ is excluded from
entry).'® Since n bidders will be selected based on their reports, S~ ; y;(z) = n. Let mJ (z;) denote
bidder ¢’s expected entry fee payment when she reports x; and all the other bidders report their types
(X_;) truthfully. Then m/ (z;) = E[pi(z;, X—;)]- According to the specific entry fee payment rule,
mj (z:) = 0, m{(z:) = (), m{ (2:) = E[o¥ (Xpmi)Lai>x,, -] = [o* Y (t) dFx, . (t), and mP (z;) =
E[p” (i) 12,5 x,,;) = ¢" (1) Fx,,_; (z:)-"°

Suppose all but bidder 7 report their types (X_;) truthfully. Then if bidder i reports x;, she will make
an entry fee payment pi(w;, X ;). In addition, if x; > Xy;—i, she will be selected for the second stage, in
which case she will incur entry cost ¢, receive an entry award K (the net effect is to incur an adjusted
entry cost ¢ = ¢ — K), and engage in the final auction. By the payoff equivalence result (Proposition

1), bidder #’s expected profit from attending the second-stage auction is E'1 (S; — 51;_i). Thus,

Si>n§1;—i

when bidder ¢ reports :v; while all her competitors report their types truthfully, her expected profit is:

7TZ'(.’L‘,L-,.’I,'Z') = Ean;_i<$; [1Si>§1;7i(5,~ — Sl;_,’) - é] - mf(zz)

= By, _<F (1s¢>$’1;4(5i - 51;—z‘)\Xn;—i) — eFx,_;(z;) —m] (z;)

!
!

T; R
= 7B (1558, (5 = S Va1 = 1) dFx, () = eFx, (&) —mi(z) )

8When x; = Xn,—, tie will be resolved at random. Note that a tie occurs with probability zero in any symmetric
increasing equilibrium.

19Throughout we use 15 to denote the indicator function, taking value 1 if the event B is true and 0 if B is not true.
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Incentive compatibility (IC) implies the following first order condition (F.O.C.):

o ) A dm? (z;)
8—1";‘z;:mz = \E (15i>§1;—¢(si - Sl;—i)'Xn;—i = xz)le”*l(xz) B Can;fi(.Ti) - TI"Z
R dm (z;
= EQzi)fx,_i(zi) — efx,_;(z:) — nzi(x)
T
= 0 Y

The above F.0O.C. is a necessary condition implied from a symmetric increasing equilibrium in the
original game of first-stage bidding. Based on this condition we can first analyze the current design of

indicative bidding.

5.1 Non-Binding Indicative Bidding

Proposition 2 Under the current design of indicative bidding, no symmetric increasing equilibrium

exists (generically).

Proof: Under the current design of indicative bidding no entry award is provided, so ¢ = ¢; no fee needs
to be paid for entry, so m! = 0. Hence Eq. (4) becomes EQ(z;) = c. But this condition only holds at
points with probability measure zero. (Rigorously speaking, it might hold for some extremely special
distribution, but that, if any, would not be a generic case.) Therefore by the Revelation Principle, in

the original game of indicative bidding, no symmetric increasing equilibrium exists (generically).Q.E.D.

Given the widespread use of indicative bidding and the tremendous amount of money involved in
practice, the above nonexistence result is remarkable.

This nonexistence result can be understood from F.O.C (4). When all bidders but ¢ report their
types truthfully, slightly deviating from the report z; will only have marginal effect for bidder ¢ when
she is the marginal entrant (i.e., when z; = Xn;_z-).20 Conditional on being the marginal entrant, bidder
i’s marginal expected gain from attending the second-stage auction is F€(z;) while the marginal cost
from entry is the entry cost c. When the marginal gain is higher, bidder ¢ would have an incentive to
over-report her type; when the marginal gain is lower, she would have an incentive to under-report.
The balance only occurs at points with probability measure zero (generically), therefore a symmetric

increasing equilibrium does not exist (generically).

2OWhen x; > Xn,—s, bidder ¢ will be selected if she reports truthfully, and when she under-reports by a sufficiently small
amount, she will still be selected; when z; < Xn;—;, ¢ will not be selected if reporting truthfully, and when she over-reports

by a sufficiently small amount, she will still not be selected.
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The intuition is simpler in the pure entry case. When entry does not involve value updating,
EQ(z;) = 0 since being the marginal entrant one can never become the final winner in the second stage.
Therefore, given that everyone else is bidding according to some symmetric increasing function, bidder
i would have the incentive to under-bid.?!

F.O.C (4) also suggests the following result regarding entry subsidization policy under the current

design of indicative bidding:

Corollary 1 In the pure entry case, if the entry cost is fully subsidized by the auctioneer (i.e., K = ¢),
then any strictly increasing bid function can arise in a symmetric equilibrium; but in the case of non-
trivial value updating, no level of entry subsidy (partial or full, positive or megative) can restore a

symmetric increasing equilibrium (generically).

In the pure entry case, the entry cost is the only source for the nonexistence result, so simply
subsidizing the entry cost restores the IC condition on the bidders’ side (but it results in multiple
equilibria, since any increasing bid function will produce a symmetric equilibrium).?? In more general
cases, the non-trivial value updating and entry cost are both sources for the nonexistence result. Given
non-trivial value updating, the expected profit for the marginal entrant varies with type, thus a pre-
specified pure entry subsidy cannot restore the IC condition.

Given the above nonexistence result regarding the current design of indicative bidding, we now turn

our attention to alternative schemes with binding first-stage bidding.

5.2 Binding First-Stage Bidding

Under the alternative schemes, the first-stage bids are binding; they will now indicate the bidders’ firm
commitment to pay for entry. Under such schemes bidders first bid for entry and then, upon being
selected, bid for the asset in the second stage.

Analogously to the analysis of the second-stage auction, we assume that the alternative schemes

conducted in the first stage are also standard auctions, which are defined as follows.

Definition 3 (Standard First-Stage Auctions:) auctions in which entry rights are awarded to the bid-
ders with the n highest bids, and the bidder with the lowest possible type pays zero expected entry fee.

21 Also see Milgrom, 2004, pages 229-230 for an alternative intuition for the nonexistence result in this pure entry case.
22Note that this result holds when n > 2, which is assumed in this section. When n = 1, IC condition does not hold

since anyone will submit the highest bid trying to become the only entrant.
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The all-pay auction, uniform-price auction, and discriminatory-price auction are all standard auc-
tions. We begin by showing that under the alternative schemes the expected entry fee must be the same

in equilibrium.

Lemma 2 Given an entry award K, in any symmetric increasing equilibrium, the expected entry fee is

the same under all (standard) auction formats. Hence,

@)= [ V(O dFx, (0 = P (@)Fx, (@) )

Proof: The entry fee equivalence follows from Eq. (4) and the boundary condition m; (0) = 0 (by the
definition of standard auctions). Eq. (5) then follows from the payment rules of the three alternative

entry auctions. Q.F.D.

The following result identifies an exact condition under which a customary auction (a uniform-price

auction or a discriminatory-price auction) can induce efficient entry.

Proposition 3 Under a customary auction, there exrists a unique symmetric increasing equilibrium if

EQ(z) is strictly increasing in z € [0,7].2

Proof: See Appendix.

EQ(z;) = BE(lg5 (Si— 81,-i)|Xn;—i = ;) is bidder i’s expected gain from the second-stage
auction conditional on being the marginal entrant (i.e., X, ; = z;). The proof in the appendix shows
that if this term is strictly increasing in z;, then under a uniform-price auction, the unique symmetric

increasing equilibrium bid function is as follows:

¢V (z) = EQ(z) - ¢ (6)

[ i

In equilibrium each bidder bids as if she is the “marginal bidder,” i.e., each bidder bids an amount

equal to the net expected gain from entry assuming that she is the marginal entrant.

23For the uniform-price auction, the statement is stronger: a unique symmetric increasing equilibrium exists if and only

if EQ(-) is strictly increasing. This can be seen from the proof of Proposition 3.
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In the pure entry case, EQ(z;) = 0. Therefore no symmetric increasing equilibrium exists under a
uniform-price auction. It can be easily verified that under a discriminatory-price auction, no symmetric
increasing equilibrium exists either.

To gain some insight about the condition under which E€(-) is strictly increasing, we consider a
simplified situation as follows: X € [0,1]. Y is another private value component and has a Bernoulli
distribution taking value 1 with probability p, and 0 with probability 1 — p. (A simple interpretation is
that the second-stage signal takes value either “High” or “Low”.) A sufficient condition is given by the

following result:

Proposition 4 In the preceding example, a unique symmetric increasing equilibrium ezxists under cus-

tomary auctions if X ’s hazard rate function H(-) is strictly increasing.

Proof: See Appendix.

Note that the monotonicity of H(z) is implied by the log-concavity of f(x).2* Thus in this example,
the condition required to induce efficient entry under customary auctions is not stringent.

In general, the monotonicity of E) imposes restrictions on the heterogeneity (the distribution) of
the bidders, hence efficient entry is not always guaranteed under customary auctions. However, this

restriction is completely removed when we consider an all-pay auction.

Proposition 5 Under an all-pay auction, the auctioneer can always select an entry award K, if nec-

essary, to induce a unique symmetric increasing equilibrium.

Proof: See Appendix.

This result is consistent with the major finding in Fullerton and McAfee. In the context of a research
tournament, they showed that an all-pay auction with an entry award always induces efficient entry,
regardless of the heterogeneity of contestants.

A further question is how large K needs to be in order to induce efficient entry. Note that

do?(z)

8 — (@) fx,ni(0) = (BAo) - Ofx

n;—1

Letting = ming¢(o 7 £S2(z), then ¢4 (z) is strictly increasing if and only if K > ¢ — . In the pure

entry case, FQ2(z) = 0, so K should be strictly greater than ¢ for an all-pay auction to induce a symmetric

24 A proof can be found in Goeree and Offerman.
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increasing equilibrium; when entry involves non-trivial value updating, £ > 0 since Var(Y) > 0, thus
setting K = c is large enough to induce a symmetric increasing equilibrium.

When the entry cost c is relatively small, such that ¢ < , no entry award is needed for an all-pay
auction to work; however, when the entry cost is substantial, in particular when ¢ > €2, then a positive
entry award will have to be used.

Note that in the symmetric increasing equilibrium bids under an all-pay auction are always positive.
But bids under a customary auction can be negative, in which case the bids are meant as demands for

entry subsidies.

5.3 Payoff Equivalence

When all alternative schemes work to induce efficient entry, which specific scheme should the auctioneer
choose? It turns out that the auctioneer will be indifferent, due to the following payoff-equivalence

result:

Proposition 6 Under the alternative schemes with binding first-round bidding, in the symmetric in-
creasing equilibrium all (standard) auctions are equivalent in terms of the expected profit to the bidders

and the expected revenue to the seller.

Proof: Lemma 2 establishes the entry fee equivalence. Plugging m;] (z;) into the value function
mi(zi) =: mi(zi,z;) in (3), we have bidders’ profit equivalence. Since in the symmetric increasing
equilibrium all auctions (eventually) lead to the same winner of the asset, the seller’s revenue equiva-

lence also follows. Q.E.D.

Combining the payoff equivalence in the second-stage auction (Proposition 1) and the payoff equiva-
lence in the first-stage auction (Proposition 6), we have actually shown that any combination of two-stage
(standard) auctions generates the same expected payoffs in the symmetric increasing equilibrium. Thus
a revenue equivalence result is extended to this two-stage auction environment.

Since the entry award K is not needed in customary auctions, Proposition 6 implies the following

corollary:

Corollary 2 While K facilitates the efficient entry under an all-pay auction, it does not affect the

equilibrium expected payoffs.
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5.4 Optimal Number of Final Bidders

In all the previous sections we analyzed the game conditional on the assumption that n is given (and
n > 2). In this section we relax this assumption and explore how the optimal number of final bidders
(n*) is determined.?®

First let’s consider the case n = 1. Given the assumption that the auctioneer is unable to set a
reserve price, n = 1 implies that only the highest bidder in the first-stage is selected and the asset is
awarded to this bidder with price 0. In this case, all the expected revenue comes from the first-stage
entry fee payments and the two-stage bidding is essentially reduced to a single-stage auction.

We again consider an IC direct revelation mechanism in the first stage. Assuming that all rivals
report their types truthfully, bidder ¢’s expected profit by reporting z; given her true type z; is:

i 7

mi(g, 1) = (z;+EY)Fx, _,(z;) — eFx,_,(2;) — m{ (2;)

and (IC) implies
om; L . ‘ dm? (z;)
Bx'i T=Ti
Based on this F.O.C. we can verify that a unique symmetric increasing equilibrium exists under both
customary auctions (in particular, ¢V (z) = z + EY — ¢). A unique symmetric increasing equilibrium
also exists under an all-pay auction with large enough K. In equilibrium, it can be verified that the

total expected rent to the bidders is
T
BT = N/ (1= F(2))FN " (z) de
0
and the expected revenue is
ER=FEXony+EY —c (7)

Intuitively, when only one bidder will be selected, the bidders will submit bids in the first stage
assuming that there is a common value component (FY') in the second stage.

Now we consider the case n > 2, where competitive bidding is maintained in the second stage.

Let e(x;) denote bidder i’s conditional expected entry fee payment net of entry cost and entry award

given a first-stage signal x;. Then

o) = /0 " EQ(z) dFy, ().

% More accurately, the optimal number of bidders analyzed in this section is the expected revenue maximizing number

of bidders assuming that the seller is unable to set a reserve price.
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The bidders’ expected total “net” payment for the entry can then be computed as follows:

EM = NEe(X))
- N /0 i /0 " BQ(z) dFx, _, (x) dF(z;)

~ N / *(1 - F(2))EQ(a) dFx, _, (2) (8)
0

It can be shown (in the proof of Proposition 7 below) that in the private value updating case, the
expected revenue is

ER = ESyy, + EM —nc (9)

where EM is given by (8) with A = 1.

Similarly, in the common value updating case, the expected revenue is
A N -1
ER = ESo,, + TEY + EM — nc (10)

where EM is given by (8) with A = 4.
So in all the cases, the expected revenue can be decomposed into the sum of the two stages’ payments

(the payment for the asset and the net payment for entry), less the total entry cost.

Proposition 7 Let n* be the optimal number of bidders to be selected for the second-stage auction. In
the private value updating case, n* mazimizes the expected revenue giwen in (7) and (9). In the common

value updating case, n* mazimizes the expected revenue given in (7) and (10).

Proof: See Appendix.

In the pure entry case, since FY = 0 and EM = 0, the optimal number of bidders is n* = 1.
This result is intuitive: when the second-stage learning does not have value it is optimal to completely
eliminate the competition in the second-stage bidding. When entry involves non-trivial value updating,
however, as we will see in the examples given in the next section, n* can be two or higher depending
on the specific contexts. Thus regarding the optimal number of entrants, the implication of our model
is quite different from that of Fullerton and McAfee, who show that n* is always two.

By inspecting equations (7), (9) and (10), we also obtain the following result:

Proposition 8 In any symmetric increasing equilibrium, the seller bears all the entry cost indirectly.
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Other things being equal, increasing the total entry cost (nc) by $1, the expected revenue to the seller
is reduced by $1 accordingly. In equilibrium, the entry cost does not affect the bidder’s expected profit;
all the entry cost is borne by the seller indirectly. This result has been obtained in the earlier literature
when bidders only acquire private information after entry occurs (see, e.g., French and McCormick,
McAfee and McMillan, Levin and Smith). But we show this under our more general setup in which
bidders acquire private information both before and after entry occurs. It can thus be regarded as a
robust result in the literature of auctions with costly entry. The implication is that although the bidders
incur the entry costs directly, it is the seller, not the bidders, who should be concerned about the effect
of the entry cost on the outcome of the sales. This result also explains why optimal auctions with costly

entry are typically characterized by a limited number of final bidders.

6 Solved Examples

The complicated functional forms involving revenue maximization generally prevent us from obtaining
analytical solutions for an optimal number of final bidders. We thus provide examples in this section,
the solving of which was aided by using Monte Carlo simulation methods.

Consider again the Bernoulli example mentioned in Section 5.2, where the second-stage private signal
is either “High” (Y = 1) with probability p or “Low” (Y = 0) with probability (1 — p). To simplify
the computation we assume that X is distributed as Uniform[0, 1]. We will consider the private value

updating and the common value updating cases in order.

6.1 The Private Value Updating Case

In this case the total value is X + Y. Since a Uniform random variable has a strictly increasing hazard
rate, by Proposition 4 a unique symmetric increasing equilibrium exists under both customary auctions.
(A unique symmetric increasing equilibrium also exists under an all-pay auction with high enough K
by Proposition 5). It can be verified that the expected profit from attending the second-stage auction

conditional on being the marginal entrant with a first-stage value z; is?6

BO(w) =p(1—p)" (4 22

26The detailed derivations in this and next subsections are analogous to that in the proof of Proposition 4. A nice
feature of this example is that it is very clear when a marginal entrant wins the object. Since the marginal entrant has
the lowest first-stage signal, she wins if and only if she gets a good shock in the second stage but all the other entrants get

bad shocks, which occurs with probability p(1 — p)" .
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The equilibrium first-stage bid function under a uniform-price auction thus takes the following simple

(linear) functional form:
1 n-1

¢ (@) =p(1—p)" 7'~ +

~

x;) — é.

To get some sense about how the optimal number of entrant firms (n*) changes with the underlying
parameters, we perform four sets of simulation